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Abstract. The contribution of roots to the mechanical behaviour of soil has typically only been studied
for the ultimate limit state. In these approaches, roots are typically modelled as straight and unbranched
structures. This approach overlooks the fact that roots may have to deform significantly to mobilise their
strength, a process that will be influenced by root architecture effects such as branching, amongst others.
Sequential mobilisation of roots affects the peak root-reinforcement, thus differences in mobilisation are
important to consider when quantifying root-reinforcement. In this paper, the effect of root branching was
modelled using a large-deformation Euler-Bernoulli beam-spring model. The effect of soil was incorporated
using non-linear springs, similar to p-y and t-z theory used for foundation piles. By connecting multiple
beams together (i.e. applying appropriate linked boundary conditions at root connection points) the effect
of branching could be analysed. A soil displacement profile corresponding with direct shear loading was
then imposed and the response of the root analysed. It was shown that adding branches led to a quicker mo-
bilisation of root-reinforcement. Branches increased the axial resistance to root displacement and changed
the shape of the deformed roots. The presence of branching counteracted root slippage, and thus increased
reinforcement. Larger branching densities increased this effect. This analysis demonstrated that the archi-
tecture of the root system has a strong effect on the mobilisation of root strength, which directly affects the
maximum amount of reinforcement the roots will provide. Future modelling of root-reinforcement, both at
the ultimate and serviceable limit state, should account for this effect.
1 Introduction
The reinforcement of soil by roots can be split into a
hydrological component (change of matric suction due
to plant evapotranspiration) and a mechanical component
(reinforcement through mechanical action of root). In this
paper, the focus is on mechanical reinforcement. Typi-
cally, root-reinforcement is studied in the context of slope
stability [1], resulting in a focus on the ultimate limit
strength of the rooted soil. In this case, the contribution
of roots is often incorporated into models as an increase
in soil cohesion [2]. Often, the critical slope stability case
will be when the ground is fully saturated, meaning hydro-
logical reinforcement disappears.
This focus on the ultimate limit state overlooks that
significant deformations might be required to mobilise
root strength. For structures with tight deformation toler-
ances however, for example rooted railway embankments
or cuttings, these deformations might exceed the service-
ability limit state. To investigate the contribution of roots
in such cases, greater insight is required in the mobilisa-
tion behaviour of rooted soil.
However, even when only the ultimate limit state is of
interest, mobilisation of root strength is important to con-
sider. The natural variation in root properties such as root
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diameter, root stiffness root angle or root branching will
lead to sequential mobilisation of the strength of individ-
ual roots; some roots will mobilise their strength faster,
for example due to preferential orientations or large root
stiffness, and might have broken already by the time other
roots mobilise. In practice, the contribution of this effect
on the ultimate limit state of the soil is often taken into
account through the use of a root cohesion reduction fac-
tor based on fibre bundle theory [3]. Such an approach,
although pragmatic, does not provide any insight into the
underlying physical mechanisms, thus being of limited use
for systematic study of root–soil interaction.
One promising approach to increase understanding
of root–soil interaction is to model roots as mechanical
beams. Euler-Bernoulli beam theory has been adopted
previously to model thick, individual roots by various au-
thors [4, 5]. Recently, this concept was developed further
by coupling axial and bending behaviour and taking into
account large root deformations [6], thus making this ap-
proach suitable for both thick and thin roots for realistic
slope deformations.
Currently, models for root-reinforcement are often
based on the assumption that roots are straight, un-
branched cylindrical structures. Beam theory however al-
lows for modelling more realistic root architectures by
modelling root systems as sets of connected beams. Such
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an approach was used in this paper to study the effect of
root branching on the mobilisation of root strength in di-
rect shear tests.
2 Methodology
2.1 Model description
Roots systems are modelled as individually connected
two-dimensional beam segments. Each segment has a lo-
cal coordinate system (x,y), where the x axis is aligned
with the non-displaced root segment axis. Positions and
deformations in the global coordinate system (X,Y) are in-
dicated using capitals. X indicates depth, with X = 0 cor-
responding to the soil surface level, see Figure 1a.
Root segments are modelled as linear elastic, spring
supported beams following Euler-Bernoulli beam the-
ory. Roots are flexible compared to structural piles with
Young’s moduli of around 100 MPa [7] and tensile strains
to failure of around 15–20% [8]. Therefore, conventional
beam theory needs to be extended to account for large de-
formations. To accommodate this, the root behaviour is
described in a coordinate system aligned with the axis of
the deformed root s, see Figure 1b.
The methodology as set out by [6] was followed, de-
scribing the behaviour of the root using four coupled dif-
ferential equations. The first equation accounts for axial
deformations along the deformed root axis s:
− qa = ∂N
∂s
+
∂M
∂s
∂θ
∂s
(1)
where M and N are the internal root bending moment and
normal force, qa is the external axial load due to root–soil
interface friction along the root axis (force per unit of non-
displaced root length), θ the root deflection angle between
axes x and s, and  the axial root strain.
A second differential equation describes the behaviour
in bending:
∂2M
∂s2
= ql + N
∂θ
∂s
(2)
where ql is the transverse root–soil interaction load. It is
assumed that the root axial strain does not affect the in-
ternal root bending moment M through a change in root
length (theoretically, when the root becomes longer, bend-
ing moments might increase slightly due to an increase in
the length of the lever arm).
The axial force N follows directly from the axial stain
in the root:
N = EtA (3)
where Et is the root tensile stiffness and A the root cross-
sectional area. The bending moment M is equal to the
product of the root flexural rigidity and root curvature. It
is assumed that the root axial strains are sufficiently small
so that the effect of  on the root curvature can be ignored.
Therefore:
M = EbI
∂θ
∂s
(4)
where Eb is the root bending stiffness and I the second
moment of area of the root cross-section.
The final two differential equations link the deforma-
tions u and w in the local root segment coordinate system
(x,y) to the deformations (θ,) in the coordinate system lo-
cal the the root (s):
∂u
∂s
= (1 + ) cos θ − 1 (5)
∂w
∂s
= (1 + ) sin θ (6)
The magnitude of axial and transverse resistances qa
and ql depends on the relative soil–root displacement.
Simplifying from [6], these relative deformations are taken
as the relative displacements in the undeformed local root
segment coordinate system:
qa = qa,u tanh
(
us − u
ba
)
(7)
ql = ql,u tanh
(
ws − u
bl
)
(8)
where qa,u and ql,u are the ultimate axial and transverse
soil resistances that can be mobilised, ba and bl mobilisa-
tion parameters, and us and ws the axial and transverse soil
deformations in the local root segment coordinate system
(x,y), see Figure 1. Direct shear box tests are modelled us-
ing the following profile of soil deformationsUs (in global
X-direction) and Ws (in global Y-direction):
Us = 0 (9)
Ws = Wsh
[
1
2
− 1
2
tanh
(
X − Xsh
bsh
)]
(10)
where Wsh is direct shear displacement in the Y-direction,
Xsh the depth of the middle of the shear band and bsh a
shear band shape parameter. All of these are input param-
eters in the model. The soil deformations us and ws in the
local root coordinate system x,y are simply found from Us
and Ws using coordinate transformation.
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where Wsh is direct shear displacement in the Y-direction,
Xsh the depth of the middle of the shear band and bsh a
shear band shape parameter. All of these are input param-
eters in the model. The soil deformations us and ws in the
local root coordinate system x,y are simply found from Us
and Ws using coordinate transformation.
The maximum axial soil–root resistance is modelled as
the sum of adhesive and frictional components:
qa = pidr(ai + σ′n tan δ) (11)
where dr is the root diameter, σ′n the root confining stress,
δi the root–soil interface friction angle and ai the interface
adhesion. For simplicity, the maximum transverse soil–
root resistance is modelled using bearing capacity factors
Nq and Nc:
ql = dr
(
Ncc′ + Nqσ′n
)
(12)
where c′ is the soil cohesion.
When the modelled root systems consists of multiple
connected root segments, Equations 1, 2, 5 and 6 are si-
multaneously solved for all segments, taking into account
appropriate boundary conditions where segments connect,
see [6].
Thus, when soil strength properties, interface proper-
ties, root properties and the soil deformation profile are
known or assumed, the deformation and internal forces
in the entire root system architecture can be modelled
by solving all differential equations simultaneously. This
was done using a boundary value problem solver in
Python (solve_bvp function from the integrate pack-
age within the scipy library [9]).
The root-reinforcement Fr then follows from decom-
position of internal root forces in the middle of the shear
band into a component parallel (Fr,par) and perpendicular
to the shear direction (Fr,per):
Fr = Fr,par + Fr,per tan φ′ (13)
where φ′ is the soil angle of internal friction. The latter
terms accounts for reinforcement through an increase in
confining stress in the shear band.
The axial stress (σa) and bending strengths (σb) in the
root are defined as:
σa =
N
A
= Et (14)
σb =
Md
2I
=
Ebdr
2
∂θ
∂s
(15)
where d is the root diameter.
2.2 Direct shear testing
Direct shear tests performed on rooted soil samples in an
X-Ray Computed Tomography (CT) scanner by [10] are
used to develop realistic modelling scenarios. In these
tests, 500 mm tall, 100 mm diameter tubes were filled
with Bullionfield soil [7, 10, 11], planted with willow
(Salix viminalis Tora) cuttings that were then grown for
two months. Cores were subsequently saturated, drained
and sheared at 250 mm depth while maintaining a water
potential of ψ = 0 kPa at the base of the core (so ψ = −5
kPa at the top of the core). Samples were sheared at 1 mm
min−1 to a maximum displacement of 20 mm. The corre-
sponding stress conditions were modelled assuming:
σ′ = γX − χψ (16)
L
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Fig. 2. Branching scenario modelled
For simplicity, χ = 1, soil unit weight γ = 10 kNm−3
and a coefficient of lateral earth pressure K0 = 1 were as-
sumed. In this case, the increase in effective stress with
depth due to the self weight of the soil was cancelled out
by the reduction in suction pressure, resulting in a con-
stant, isotropic effective stress ofσ′ = 5 kPa (andσ′n = σ′)
throughout the entire core.
The largest roots observed in the CT data had diam-
eters of dmain ≈ 1.5 mm and were assumed to grow ver-
tically to the very bottom of the core (‘main’ root axis,
root length Lmain = 500 mm). First-order branches had
diameters of roughly dbranch ≈ 0.5 mm. The length of
these branches was assumed as half the core diameter,
Lbranch = 50mm. The tensile root strength and tensile stiff-
ness of willow roots this age are tr ≈ 11 MPa and Et ≈ 200
MPa respectively [7]. For simplicity, the bending stiffness
Eb was assumed equal to the tensile stiffness Et.
The shear band thickness was approximately 30 mm
thick (CT observations), resulting in bsh ≈ 10.2 mm. The
soil is assumed purely frictional with φ′ = 36.4◦ [7] and
c′ = 0 kPa respectively. Following Meyerhoff bearing ca-
pacity theory:
Nq = epi tan φ
′
tan2
(
pi
4
+
φ′
2
)
≈ 40 (17)
Nc = (Nq − 1) cot φ′ ≈ 53 (18)
The axial root–soil interface friction is modelled as purely
frictional and perfectly rough, so the interface friction an-
gle δi = φ′ and adhesion ai = 0. No data for soil–root
resistance mobilisation was available, hence ba = 0.5 mm
and bl = 0.1 mm were assumed, similar to values in [6].
2.3 Modelling scenarios
The following scenarios were modelled (Figure 2):
3
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1. Modelling of roots in the CT scan, see section
2.2. Multiple pairs of side branches were mod-
elled at either side of the shear band. The effect of
the distances between branches (branching distance
sbranch) on the mobilisation of root-reinforcement
was investigated.
2. Similar to Scenario 1, but with much thicker roots
(dmain = 10 mm, dbranch = dmain/3) to provide a
contrasting case for the thin roots observed in the
CT scans. All other parameters were the same as in
Scenario 1.
All root ends were modelled as free (no internal forces
within the root in any degree of freedom). Therefore,
given the assumed isotropic stress conditions only half of
the root (0 ≤ X ≤ 250 mm was modelled because of sym-
metry.
3 Results
3.1 Scenario 1: Roots in the CT scanned direct
shear tests
Decreasing the distance between branches significantly in-
creased the root-reinforcement that could be mobilised
(Figure 3a) and increases the mobilisation rate of the re-
inforcement. In contrast to the unbranched case, cases
with small branching distances continued to mobilise more
reinforcement even after direct shear displacements of
30 mm, suggesting their peak reinforcement capacity is
higher.
The main axis of all modelled 1.5 mm diameter roots,
branched or unbranched, was found to follow the defor-
mation of the soil almost perfectly (Figure 3b). Decreas-
ing the branching distance only slightly affected the posi-
tion of the deformed main root axis. The increased root
anchorage due to the presence of branches increased the
axial stresses in the main root by a small amount (Figure
3c) while reducing the bending stresses (Figure 3d). The
increase in root-reinforcement with increasing branching
is almost entirely due to an increase in root internal nor-
mal force rather than internal shear force at the shear plane
(Figure 4).
The maximum axial and bending stresses in the main
root (Lmain/sbranch = 17) at 20 mm shear displacement
were 5.6 and 6.0 MPa respectively. In side branches, the
maximum axial stresses were lower (1.4 MPa) but bending
stresses higher (36.3 MPa).
3.2 Scenario 2: Large diameter roots
When thick roots (dmain = 10 mm) are modelled, absolute
values of reinforcement are higher, although smaller frac-
tions of the available strength are mobilised (Figure 5a).
Compared to the thin dmain = 1.5 roots, the larger bend-
ing resistance causes these roots to ‘dig’ through the soil
more, an effect increased by adding side branches ((Figure
5b).
Similar to scenario 1, adding more branches mostly
increased tensile stresses and has only a small effect on
bending stresses (Figure 5c,d). This is reflected in the rel-
ative contributions of internal axial and shear forces in the
root: a significant component of reinforcement in the un-
branched case is caused by shear forces in the root, but this
component hardly increases with an increased number of
branches (Figure 4).
The maximum axial and bending stresses in the main
root (Lmain/sbranch = 17) at 20 mm shear displacement
were 2.0 and 6.7 MPa respectively. In side branches, the
maximum axial stresses were lower (0.2 MPa) but bending
stresses higher (7.5 MPa).
4 Discussion
The results show that side branching had a signifi-
cant effect on the mobilisation and magnitude of root-
reinforcement in direct shear tests performed by Bull et
al. [10]. This can be understood by the increase in root an-
chorage within the soil: to reach the same amount of shear
displacement, more axial and transverse soil resistance has
to be overcome in case the root is branched. This will have
resulted in faster mobilisation of root-reinforcement and
a suppression of root slippage. This shows that ignoring
root branching in root-reinforcement calculations results
in a conservative estimation of additional root strength.
The addition of branching results in larger relative
transverse soil–root displacements: the displaced root
tried to ‘dig’ through the soil in the transverse direction
more. However, due to the relatively large transverse soil–
root interface resistance (ql) compared to the axial resis-
tance (qa), the deformed shape of the root is only mini-
mally affected in the case of dmain = 1.5 mm roots. Thicker
roots (dmain = 10 mm) underwent larger relative transverse
soil–root displacement due to their larger bending resis-
tance.
The analyses demonstrated the importance of a cou-
pling between axial and bending behaviour of the root. In
line with Equation 2, an increase in axial root stress (due
to branching) resulted in partial suppression of root bend-
ing. The presence of branching however has a much larger
effect on the internal axial forces in the root compared to
the effect on the internal shear forces.
The high bending stresses in the side branches, com-
pared to the axial stresses, indicates side branches were
mostly loaded in bending rather than tension. This sug-
gests that most of the additional root-reinforcement caused
by branching was caused by mobilisation of transverse
soil–root resistance along the side branches. This high-
lights the importance of understanding the behaviour of
roots in bending. Little data is available on the bending
strength and stiffness of roots as root strength is typically
measured in uniaxial tension only. Future research should
address this knowledge gap.
The analyses show that none of the main roots in direct
shear tests by Bull et al. [10] is expected to have failed in
tension when reaching the maximum shear displacement
of 20 mm. Furthermore, roots are expected to follow the
deformation profile of the soil almost perfectly. Both ob-
servations are confirmed by initial observations [10].
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Fig. 3. Influence of branching distances for 1.5 mm diameter roots observed in the CT scan (Scenario 1). In (a,c,d), stresses are
normalised against the root tensile strength. The unbranched case is plotted using solid, black lines. In b), the profile of soil deformation
is indicated using the grey shaded area and white arrows. Axial (c) and bending stresses (d) are plotted for the main root axis only,
where smain indicated the distance along this axis (in the undeformed state) measured from the top of the root.
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Fig. 4. Contributions of internal root normal and shear forces
towards root-reinforcement as function of branching distance, at
a shear displacement of 20 mm. Reinforcements are normalised
by the maximum tensile strength of the root.
In this study a two-dimensional problem was investi-
gated, assuming all roots were located on the same plane.
Future work should focus on expanding the model into
three-dimensions, so that more realistic root architectures
can be analysed.
5 Conclusions
This study confirmed that the model, using large-
deformation Euler-Bernoulli theory, is a relatively sim-
ple but powerful tool for studying the complicated effects
of root architecture on the mobilisation and magnitude of
root-reinforcement. The complex interaction between soil
and root architecture can be captured using a set of cou-
pled differential equations and relations describing the soil
resistance to axial or transverse root displacements.
This study confirmed that side branching can have a
significant effect on the rate of mobilisation and the max-
imum achievable mobilised root-reinforcement. The pres-
ence of branches counteracts potential slippage between
soil and root, allowing for mobilisation of larger axial
forces within the root and thus larger root-reinforcements.
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Fig. 5. Influence of branching distance for thick 10 mm diameter roots (Scenario 2). In (a,c,d), stresses are normalised against the root
tensile strength. The unbranched case is plotted using solid, black lines. In b), the profile of soil deformation is indicated using the
grey shaded area and white arrows. Axial (c) and bending stresses (d) are plotted for the main root axis only, where smain indicated the
distance along this axis (in the undeformed state) measured from the top of the root.
Observations by [10], including lack of root failure and
roots following the pattern of soil deformation closely,
were predicted correctly by the model.
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